arXiv: 1506.00322vl [math.DG] 1 Jun 2015 


KAHLER-RICCI FLOW WITH UNBOUNDED CURVATURE 


SHAOCHUANG HUANG AND LUEN-FAI TAM^ 


Abstract. Let g{t) be a complete solution to the Ricci flow on a noncom¬ 
pact manifold such that g{0) is Kahler . We prove that if |Rm((;(t))|g(t) < 
a/t for some a > 0, then g{t) is Kahler for t > 0. We prove that there 
is a constant a(n) > 0 depending only on n such that the following is 
true: Suppose g{t) is a complete solution to the Kahler-Ricci flow on a non¬ 
compact n-dimensional complex manifold such that g{0) has nonnegative 
holomorphic bisectional curvature and such that |Rm( 5 (t))|g(j) < a{n)/t, 
then git) has nonnegative holomorphic bisectional curvature for t > 0. 
These generalize the results in [21]. As corollaries, we prove that (i) any 
complete noncompact Kahler manifold with nonnegative complex sectional 
curvature with maximum volume growth is biholomorphic to C"; and (ii) 
there is e(n) > 0 depending only on n such that if (M",go) is a com¬ 
plete noncompact Kahler manifold of complex dimension n with nonnega¬ 
tive holomorphic bisectional curvature and maximum volume growth and 
if (1 + e(n))~^h < 50 < (1 + e{n))h for some Riemannian metric h with 
bounded curvature, then M is biholomorphic to C". 

Keywords: Ricci flow, Kahler condition, holomorphic bisectional curvature, 
uniformization 


1. Introduction 

In [18], Simon proved that there is a constant e{n) > 0 depending only on 
n such that if {M"',go) is a complete n dimensional Riemannian manifold and 
if there is another metric h with curvature bounded by with 

(1 + e{n))~^h <gQ<{l + e(n))h, 
then the so-called h-flow has a short time solution g{t) such that 
(1.1) \Rm{g{t))\g^t) <C/t. 

Here h-flow is basically the usual Ricci-DeTurck flow, li h = go, the h-flow is 
exactly the Ricci-DeTurck flow. For the precise dehnition of h-flow, see Section 
O It is not hard to construct Ricci flow using the solution of h-flow if go is 
smooth. On the other hand, in [2], Cabezas-Rivas and Wilking proved that 
if (M, go) is a complete noncompact Riemannian manifold with nonnegative 
complex sectional curvature, and if the volume of geodesic ball B{x,l) of 
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radius 1 with center at x is uniformly bounded below away from 0, then the 
Ricci flow have a solution for short time with nonnegative complex sectional 
curvature so that fll.ll) holds. Recall that a Riemannian manifold is said to 
have nonnegative complex sectional curvature if R{X,Y,Y, X) > 0 for any 
vectors in the complexihed tangent bundle. 

It is natural to ask the following: 

Question: Suppose go is Kdhler. Are the above solutions g(t) of Ricci flow 
also Kdhler for t > 0? 

This question has been studied before. It was proved by Yang and Zheng 
for a U{n) invariant initial Kahler metric on C”, the solution constructed 
by Cabezas-Rivas and Wilking is Kahler for f > 0, under some additional 
technical conditions. 

It is well-known that if M is compact or if the curvature of go is bounded, 
the answer to the above question is yes by and [21]. In this paper, we 
want to prove the following: 

Theorem 1.1. If {M‘^,go) is a complete noncompact Kdhler manifold with 
complex dimension n and if g{t) is a smooth complete solution to the Ricci 
flow on M X [0,T], T > 0, with g{0) = go such that 

|Rm(^?(t))Uq < ^ 

for some a > 0, then g(t) is Kdhler for all 0 < t < T. 

This gives an affirmative answer to the above question. The result is re¬ 
lated to previous works on the on the existence of Kahler-Ricci flows without 
curvature bound, see for example. 

We may apply the theorem to the uniformization conjecture by Yau [25] 
which states that a complete noncompact Kahler manifold with positive holo- 
morphic bisectional curvature is biholomorphic to C”. A previous result by 
Chau and the second author [5] says that the conjecture is true if the Kahler 
manifold has maximum volume growth and has bounded curvature, see also 
[HE]- Combining this with the theorem, we have: 

Corollary 1.1. Let {M^,go) be a complete noncompact Kdhler manifold with 
complex dimension n and with nonnegative complex sectional curvature. Sup¬ 
pose has maximum volume growth. Then is biholomorphic to C"'. 

For Kahler surface, sectional curvature being nonnegative is equivalent to 
complex sectional curvature being nonnegative [26]. Hence in particular, any 
complete Kahler surface with nonnegative sectional curvature with maximum 
volume growth is biholomorphic to C^. We should mention that recently Liu 
[12] proves that a complete noncompact Kahler manifold with nonnegative 
holomorphic bisectional curvature and with maximum volume growth is bi¬ 
holomorphic to an affine algebraic variety, generalizing the result of Mok [T3] . 
Moreover, if the volume of geodesic balls are close to the Euclidean balls with 
same radii, then the manifold is biholomorphic to C"^. 
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By Theorem 11.11 we know that from the solution constructed by Simon [TH] 
one can construct a solution to the Kahler-Ricci flow if Qq is Kahler . In view 
of the conjecture of Yau, we would like to know that if the nonnegativity of 
holomorphic bisectional curvature will be preserved by the solution g{t) of the 
Kahler-Ricci flow. The second result in this paper is the following: 

Theorem 1.2. There is 0 < a{n) < 1 depending only on n such that if g{t) is 
a complete solution of Kahler-Ricci flow on M x [0,T] with |Rm( 5 f(f))|g(p < 
where M is an n-dimensional non-compact complex manifold. If g{0) has 
nonnegative holomorphic bisectional curvature, then so does g{t) for all t G 

|0,T|, 

We should mention that in [2l], Yang and Zheng proved that the nonnega¬ 
tivity of bisectional curvature is preserved under the Kahler-Ricci flow for U (n) 
invariant solution on C” without any condition on the bound of the curvature. 

By refining the estimates in [TB], one can prove that if e(n) > 0 is small 
in the result of Simon, then curvature of the solution of the h-flow will be 
bounded hj a/t with a small. Hence as a corollary to the theorem, using [5] 
again, we have: 

Corollary 1.2. There is e{n) > 0, depending only on n. Suppose 
is a complete noncompact Kahler manifold with complex dimension n with 
nonnegative holomorphic bisectional curvature with maximum volume growth. 
Suppose there is a Riemannian metric h on M with bounded curvature such 
that (1 -|- e{n))~^h < < (1 + e(n))h. Then M is biholomorphic to C”. 

By a result of Xu [23] , we also have the following corollary which says that 
the condition that the curvature is bounded in the uniformization result in [5] 
can be relaxed to the condition that the curvature is bounded in some integral 
sense. Namely, we have: 

Corollary 1.3. Let is a complete noncompact Kahler manifold with 

complex dimension n >2 with nonnegative holomorphic bisectional curvature 
with maximum volume growth. Suppose there is rQ > 0 and there is C > 0 
such that 



for some p > n for all x G M. Then M is biholomorphic to C”. 

The paper is organized as follows: in Section [2] we prove a maximum prin¬ 
ciple and apply it in Section |2] to prove Theorem 11.11 In Section 0] we prove 
Theorem 11.21 In Section 01 we will construct solution to the Kahler-Ricci flow 
with nonnegative holomorphic bisectional curvature through the h-flow. 

Acknowledgement: The second author would like to thank Albert Chau for 
some usefully discussions and for bringing our attention to the results in [23] . 
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2. A MAXIMUM PRINCIPLE 

In this section, we will prove a maximum principle, which will be used in 
the proof of Theorem II.1[ 

Let {M"',go) be a complete noncompact Riemannian manifold. Let g{t) 
be a smooth complete solution to the Ricci flow on M x [0,T], T > 0 with 
fi'(O) = go, i.e. 


. . / §9 =-2Ric, onMx[0,T]; 

^ ^ U(0)=l7o. 

Let r and L be the Christoffel symbols of g(t) and g = g(T) respectively. Let 
A = r — r. Then A is a (1, 2) tensor. In the following, lower case c, Ci, C 2 ,... 
will denote positive constants depending only on n. 


Lemma 2.1. With the above notation and assumptions, suppose the curvature 
satisfies |Rm( 5 f(t)|g(f) < at~^ for some positive constant a. Then there is a 
constant c = c{n) > 0, such that 

(i) 

/'T'\ 

-) 9<3W<(^) 

(ii) |VRm| < Ct ~2 for some constant C = C{n,T,a) > 0 depending only 
on n, T, a; 

(hi) 

|A|5 < 

for some constant C = C{n,T,a) > 0 depending only on n,T and a. 


Proof, (i) follows from the Ricci flow equation. 

(ii) is a result in [20], see also [9l Theorem 7.1]. 

To prove (hi), in local coordinates: 

L4 = -y + V,Ru - V,R„). 

At a point where gij = 6ij such that gij = Xfiij 


m 



<Ci(n,T)r"i“|VRicyA|g 


<C'2(n,T,a)t-^^“-i|A|3 


for some constants Ci, C 2 depending only on n, T, a and Ci, C 2 depending only 
on n. From this the result follows. □ 


Under the assumption of the lemma, since g{T) is complete and the curva¬ 
ture of ^ = g{T) is bounded by a/T, we can hnd a smooth function p on M 
such that 


(2.2) dfix,xo) + 1 < p{x) < C'{d{x,xo) + 1); |Vp|g |VVlg < C 
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for some C" > 1, where V is covariant derivative with respect to g and C" > 0 
is a constant depending on n and a/T, see [211 [22] • 

Lemma 2.2. With the same assumptions and notation as in the previous 
lemma, nix) satisfies 

|Vp| < C-if™ 

and 

|Ap| < 

where Ci, depending only on n,T,a and c > 0 depending only on n. Here 
V and A are the covariant derivative and Laplacian of g(t) respectively. 

Proof. The hrst ineqnality follows from Lemma l 2 . 1 f ih To estimate Ap, at a 
point where (jij = 6ij and gij is diagonalized, we have 

I Ap - Ap| = \g"^ViVjP - p^ViVjpj 

< \g^^ (V,V,- - V,V,) p| + I {g^^ - gif) V,V,p| 

<|p*^-4pfc|+C3r^i“ 

for some constants C 3 , C 4 depending only on n, T, a, and Ci, C 2 depending only 
on n. By the estimates of Ap, the second result follows. □ 


Lemma 2.3. Let {M'^,g) be a complete noncompact Riemannian manifold 
with dimension n and let g{t) be a smooth complete solution of the Ricci flow 
on M X [0,T], T > 0 such that the curvature satisfies |Rm| < at~^ for some 
a > 0. 

Let f >0 be a smooth function on M x [0,T] such that 

(i) 


m 


A 


/.f/; 


(ii) |^|t=o = 0 for all k > 0; 

(hi) supjjg^/(x, t) < Ct~\ for some positive integer I for some constant 

C. 


Then / = 0 on M x [0,T]. 


Proof. We may assume that T < 1. In fact, if we can prove that / = 0 on 
Mx [0, Ti] where Ti = min{l, T}, then it is easy to see that / = 0 on Mx [0, T] 
because / and the curvature of g{t) are uniformly bounded on M x [Ti,T]. 

Let p G M be a hxed point, and let d{x, t) be the distance between p, x with 
respect to g(t). By [I6] (see also [El Chapter 18]), for all vq, if d{x,t) > vq, 
then 


4 

dt 


d(x, t) — Atd{x, t) > —Cq 


t Vo + 


ro 


(2.3) 
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in the barrier sense, for some Cq = C'o(n, a) depending only on n and a. Here 

(2.4) 


dt ^ ^ h^0+ h 


The above inequality means that for any e > 0, there is a smooth function 
a{y) near x such that a{x) = d{x,t), a{y) > d{y,t) near x, such that a is 
and 


(2.5) 


d_ / 1 

-^d{x,t) - Atcr(a;) > -Cq fVo H- 

dt \ ro 


— e. 


In the following, we always take e = T“ 2 . 

Let / be as in the lemma. First we want to prove that for any integer k > 0 
there is a constant Bk such that 


( 2 , 6 ) 


sup /(x,^) < Bkt’'. 

x£M 


We may assume that k > a. Let F = t ^/, then 


(2.7) 


dt J t 


F < 0. 


Let 1 > 0 > 0 be a smooth function on [0, cxd) such that 

. J 1, if 0 < s < 1; 

■^W=\0, ifs>2, 

and such that —Ci < (j)' < 0, |0"| < Ci for some Ci > 0. Let d) = 0™, 
where m > 2 will be chosen later. Then $ = 1 on [0,1] and $ = 0 on [2, cxo), 
1 > $ > 0, < d)' < 0, |<F"| < C(m)<F'^. where C{m) > 0 depends 

on m and Ci, and o = 1 — —. 

For any r » 1, let T(a;,t) = <F(^^^). Let 

6{t) = exp{—at^~^), 

where Q!>0,0</9<1 will be chosen later. 

We claim that one can choose m, a and f3 such that for all r >> 1 


H{x,t) = e{t)^{x,t)F < C 2 

on M X [0, T], where C 2 is independent of r. If the claim is true, then we have 
F is bounded. Hence f{x,t) < Bkt^- 

First note that T(a:,t) has compact support in M x [0,T]. By assumption 
(ii) and the fact / is smooth, we conclude that H{x,t) is continuous on M x 
[0,T]. Moreover, by (ii) again, H{x,0) = 0. Suppose H{x,t) attains a positive 
maximum at (xo,to) for some xq G M, to > 0. Suppose d{xo,to) < r, then 
there is a neighborhood U of x and 5 > 0 such that d{x, t) < r for x E U and 
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|t — to| < For such (x,t), H(x,t) = 9(t)F{x,t). Since H{xo,to) is a local 
maximum, we have 




--e{t) (e'F 






<0 


which is a contradiction. 

Hence we must have d{xo,to) >r. If r >> 1, then r >T 2 ^ and at (xo,to) 
d_ 


dt 


d{x,t) — Atd{x,t) > —{2Co + l)t 2 


in the barrier sense, by taking tq = Let cr{x) be a barrier function near xq. 
Let \l'(x) = and let 

H{x,t) = e{t)^{x)F{x,t) 

which is dehned near xq for all t. Moreover, 

H{xo,to) = H{xo,to) 

and 

H{x,to) < H{x,to) 

near xq because a{x) > d{x, to) near xq and < 0. Hence H{x, to) has a local 
maximum at (xo,to) as a function of x. So we have 


( 2 . 8 ) 

and 

(2.9) 

At (a;o,to) 


VH(xo,to) = 0 

AH{xo,to) < 0 . 


0 >A 


x)F{x, t) 


( 2 . 10 ) 


=9^AF + 9FA^ + 29{VF, V^) 
=9^AF + 9F {-(!>'Aa + 4<I)"|Va|- 


29 


|V^| 

5 


>9<!>AF + 9F ( -<h'A(T + Vap 


2 < I )'2 

rpZ $ 


where we have used the fact that a(x) > d(x, to) near xo and cr(xo) = d(xo, to) 
so that |V(j(xo)| < 1. $ and the derivatives <h' and <h" are evaluated at 
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On the other hand, 

H{xo,to) - H{xo,to - h) 


Now 


0 < lim inf 


h 


+ OF l.m inf "'■'fa. *<■), 

ot h^0+ h 


- ft) + + 4,(df£iM; 


=-$'(0(d(xo,to) -d{xo,to - h)), 
r 

for some ^ between ^d{xo,to — h) and ^d{xo,to) which implies 

-^(a^o,to -h) + ^ixo,to) ^ -d'(xo,to - h) + d'(xo,to) 

h —^ 0 ^ h fi ^ 0 ^ d 

r ot 

because <h' < 0 , where <h' is evaluated at ^d{xo,to). In the following, Ci will 
denote positive constants independent of a, (3. Combining the above inequality 
with fl2.10p . we have at (xo,to): 

o 1 A 

0 <d'$F + + dF-$'^d(xo, to) 

at r at 

/1 1 \ 2 d)'^ 

- e^AF - OF -<h'AcT + —<h"|Vap + -^9—F 

\ ^ J <p 

<e'^F + C 2 (t~^^‘^ + OF 

<-a{l- l3)t^^e^F + CoO 


-1 


<0 


a(l -/3)to ^<hF + Qto ^ ((•hF)" + 


where $, are evaluated at d{xo,to)/r. Now hrst choose m large enough 

depending only on k, I so that | + 2(1 — q){k + 1) = (3 < 1. Then choose a 
such that q;(1 — (3) > 204 . Then one can see that we must have $F < 1. 
Hence H = O^F < C* at the maximum point of H{x, t), where C* is a constant 
independent of r. This completes the proof of the claim. 

Next, let F = t~°‘f. Then 


Let p be the function in Lemma 12.21 we have 

|Ap| < ar' 

for some h > 1. Let p{x,t) = p(x) exp(|^t^“^). Note that p{x,0) = 0. 
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- Ap) 

> 0 . 

where we have used the fact that p > 1. Since F < CqF in M x [0,T]. In 
particular it is bounded. Then for any e > 0 

(F - ep - et) < 0. 

There is ti > 0 depending only on e, Ce such that F — et < 0 for t < fi. 
For t > ti, F — er] < 0 outside some compact set. Hence if F — ep — et > 0 
somewhere, then there exist xq G M, to > 0 such that F — erj — et attains 
maximum. But this is impossible. So F — ep — et < 0. Let e —?■ 0, we have 
F = 0. □ 


3. PRESERVATION OF THE KAHLER CONDITION 

In this section, we want to prove Theorem 11.11 and give some applications. 
Recall Theorem 11.11 as follows: 

Theorem 3.1. If (M",po) o complete noncompact Kahler manifold with 
complex dimension n and if g{t) is a smooth complete solution to the Ricci 
flow (12.11) on M X [0,T], T > 0, with p(0) = go such that 

|Rm(p(t))|,(p < ^ 

for some a > 0, then g(t) is Kahler for all 0 < t < T. 

We will use the setup as in [2T1 Section 5]. Let = TrM $§« C be the 
complexification of T^M, where T^M is the real tangent bundle. Similarly, 
let = T^{M) (8 )k C, where T^M is the real cotangent bundle. Let x = 

{z^, ,■ ■ ■ , x"} be a local holomorphic coordinate on M, and 

f Z^ = 

\ G M, G M, fc = 1, 2, • • • , n. 

In the following: 

• i, j, k,l, ■ ■ ■ denote the indices corresponding to real vectors or real 
covectors; 

• a,/3,7,5, • • • denote the indices corresponding to holomorphic vectors 
or holomorphic covectors, 

• A, B,C, D, ■ ■ ■ denote both a, /9,7, 5, • • • and a, ■ ■ ■. 
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Extend gij(t), Rijkiit) etc. C-linearly to the complexified bundles. We have: 


Qab — Qab^ Rabcd — Rabcd- 

In our convention, R 1221 = R{gi, ^ 2 , ^ 2 , gi) is the sectional curvature of the 
two-plane spanned by orthonormal pair ei, 62 - Rabcd has the same symmetry 
as Rijki and it satisfies the Binachi identities. 

Let := {g~^)^^, it means g^^gBC = <5^, and let 

Rab = g^^ Racdb 

on M X [0,T]. Then we have 


(3.1) 

and 

(3.2) 

Wt 


-T^gAB = —“^Rab 
at 


Rabcd —^Rabcd — ‘^g g ReabgRfhcd — ‘^g g ReagdRfbhc 
+ ‘2g^^ g'^^ ReagcRfbhd — g^^ {RebcdRfa + RaecdRfb 


+ RabedRfc + RabceRfd) 

on M X [0, T]. 

We begin with the following lemma: 

Lemma 3.1. Let {M,go) be a Kdhler manifold, and g(t) be a smooth solution 
to the Ricci flow with g{0) = go. In the above set up, we have 


g, 
-r-r^/ 


|i=o — 0 


Qfk^^AB'ySl 

at each point of M and for all k > 0 and for all A, 5, 7 , 5. 

Proof. Let p E M with holomorphic local coordinate . 2 . In the following, all 
computations are at {z, 0) unless we have emphasis otherwise. We will prove 
the lemma by induction. Consider the following statement: 

■^Rab^s = 0 

^gAB = 0 if A, 5 are of the same type 
df_ 

gk 


H{k) 


Hflk) 

H2ik) 

Hflk) 

Hflk) 

Hflk) 

Hoik) 

Hflk) 


■§^Rab = 0 if a, 5 are of the same type 


aR^AB = 0 unless A, B, C are of the same type 
■§^Rab^s-,e = 0 

g^k RaB^S'jEF 0 

gk 


tAR/ 


= 0 


Here we denote covariant derivative with respect to g{t) by ” and the partial 
derivative by “, ”. If HAk) are true for alH = 1, • • • , 7, we will say that i7(/c) 
holds. As usual: 

^AB = igAD,B + gDB,A “ gAB,D) ■ 
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We now consider the case that /c = 0. Since the initial metric is Khler, it is easy 
to see that H{0) holds. Now we assume H{i) holds for alH = 0,1, 2, • • • , k. 
We want to show H(k + 1) holds. We hrst see that 


Qk+l 

Qfk+l ^AB'yS 
dk 

= ^{^RaB^5) 


m-\-n-\-p-\-q = k 
0 < m,n,p,q < k 


‘2‘{g^^)m{g^^)n{REAGs)p{RFBH-y)q 

m-\-n-\-p-\-q = k 
0 < m,n,p,q < k 


‘^{g^^)m{g^^)n{REAG^)p{RFBH&)q 


Tn-\-n-\-p-\-q = k 
0 < m, n,p, O' < /c 


y~^ {g^^)m{RAF)n{REB'~iS)p — {g^^)m{RBF)n{RAE'f5)x 


m n + p = k 
0 < Tn,n,p < k 


m n p = k 
0 < m,n,p < k 


Y1 )m {R')F)n{RABEs)p — )m {RsF)n{RAB-yE)p- 


m + n + p = k 
0 < m,n,p < k 


m n p = k 
0 < m,n,p =< k 


Here (•)p = ^(•). 

Suppose {gAB)p = 0 at t = 0 if A, i? are of the same type for p = 0,1,..., fc, 
then it is also true that {g^^)p = 0 if A, i? are of the same type for p = 
0,1,... ,k. On the other hand, in the RHS of the above inequality, the deriv¬ 
ative of each term with respect to t is only up to order k, by the induction 
hypothesis, Hi{k -|- 1) holds. Now 


— —‘^Rabi 


it is easy to see that H 2 {k -|- 1) holds because H^{k) holds. 
Since 


Qk+l 

Q.fE+1 R°‘l^ ~ ^ ^ {g )m{RaGDfi)ny 

m n = k 1 
0 < m,n < k 1 


and since that Hi{k + 1) and H 2 {k + 1) hold, we conclude that H^^k + l) holds. 
Here we have used the symmetries of Rabgd- 
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Since 


Qk+l 



E 


(i?” )m{R8D-,A + R 


^AD-,0 


Ra/3-,d) 


m n = k 
0 < m^n < k 


E 


{g°‘'^)m{Rl3a-,A + RAa-,l3 ~ RAl3-,a)r 


m n = k 
0 < m,n < k 


by the induction hypothesis. If A = 7 , then each term on the RHS is zero by 
the induction hypothesis. If A = 7 , then 

{Rpa-,'i)n = {R^a,-f)n “ {^^aREp)n “ {^^^REd-)n, 

SO it vanishes because n < k. On the other hand, 


R'ya;P R'yP^cr 
-CDi 


—9 {R'yCDd-,13 ~ R'yCDI3-,d^) 

9 ^R'yCDo']^ R'yCaD',^ R R^Cpa\D) 

-9 


^'yCI3a-,D- 


So 


{R-fcr-^lS R'yl3;a)n ^ 

ioT n < k by the induction hypothesis. Thus, 

^k-{-l 

_ r<^- = n 

^ A/3 


at f = 0. Since T^^ = T^^ and T^^ = T^^, it is easy to see that H^i^k + 1) 
holds. 

Next, 


R 


AB'y6',E 


=R 


AB'yS^E 
G 


^EaR' 


■GS 75 
G 


T^nR 


EB-‘^AG-i& 


r E-yRABGS — r EsRAB'yG- 


By Hi{k + 1), we have 


gk+i gk+i 

q^Rab^s,e = {-q^Rab^5),e = 0 . 

Since Hi{i) and are true for 0 < f < k + 1, H^i^k + l) is true. Since 

and are true for 0 < z < /c + 1, HQ{k + 1) is true. Finally HQ{i) is 
true for 0 < f < fc + 1 implies that Hi{k + 1) holds. Therefore, H{k + 1) holds. 

□ 


Now we use the Uhlenbeck’s trick to simplify the evolution equation of the 
complex curvature tensor. We pick an abstract vector bundle V over M which 
is isomorphic to TcM and denote the isomorphism uq \ V ^ TcM. And we 
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take {ca '■= Uq as a basis of V. We also consider a metric /i on 1/ by 

h := u^go- We let Uq evolute by 

f = Ric o u{t) 

\ U{0) = Uq 

In local coordinate, we have 

/ f “b = 9^^RcdUb, 

I 

Consider metric h{t) := u*{t)g{t) on V for each t G [0,T]. It is easy to see 
that §ih{t) = 0 for all f, so h{t) = h for all t. We use u{t) to pull the curvature 
tensor on TcM back to V: 

Rm{eA,eB,ec,eD) ■= R{u{eA),u{eB),u{ec),u{eD))- 
In local coordinate, we have 

RaBCD = ReFGHUaUbUcUb 
on M X [0,T]. One can also check 

hAB = hAB^ Rabcd = Rabcd- 


Dehne a connection on V in the following: For any smooth section ^ on V, 
X e TcM, 


One can check D^h = 0 and D^u = 0. We dehne A acting on any tensor on V 
by 

A := g^^D^BD^B- 

Then by (13.21) . the evolution equation of R is: 


(3.3) 

d 


dt 


R 


ABCD 


—ARabcd — ReabgRfhcd — RfagdRfbhg 


FFuGH : 


RfaggRfbhd 


where = {h . 


Lemma 3.2. With the above notations, we have 

~ 

-^RaB'jS = 0 

at t = 0 for all A, B and 7 , 6. 


Proof. Note that we have: 

~ 

RaB'jS 'y ^ }q{RFFGH}r- 

m-\-n-\-p-\-q-\-r = k 
0 < m,n,p^q,r < k 
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By Lemma 13.1[ in order to prove the lemma, it is sufficient to prove that 
= 0 and = 0 for all k for all a, /3 at f = 0 . 

Recall that 

/ = a^^RcD^B, 

I «^(0) = Si- 

Hence = 0 and = 0. By induction, Lemma 13.11 and the fact that 

m;^( 0) = (5^, one can prove that show = 0 and = 0 for all k. This 

completes the proof of the lemma. □ 


(3.4) 


Proof of Theorem \S . 1{ As in [21], dehne a smooth function on M x [0, T] by 

One can check ip is well-dehned (independent of coordinate changes on M) 
and is nonnegative. The evolution equation of ip is (See [21]): 

d 


(3.5) — A)ip = RcdEF * RcHap * RAB-yS — ‘^9 RAB'yS-,ERAB'yS.p- 

As the real case, dehne the norm of the complex curvature tensor by: 

|-RABCD(^)|g(t) = 9^^ 9^^ 9^^ 9^^ RabcdRefgh- 

Then we have 

\RABCDit) \ = \Rijklit)\ < — 

on M X [0,T] by assumption. By the dehnition of Rabcd, we also have: 

\RABCD{t)\ = \RABCD{t)\ < “• 

Combining with fl3.5p . we have 

. <9 ,, Cl 

on M X [0,T] for some constant Ci. Moreover, 

P<\RABCD{t)\^<ayt\ 

On the other hand, by (I3.4p . Lemma [3.21 and the fact that h is independent of 
t, we conclude that at t = 0, 

dk 

opv-ih 

for all k. By Lemma 12.31 we conclude that (p = 0 on M x [0,T]. As in [2T] . 
we conclude that g{t) is Kahler for all f > 0. 

□ 
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Corollary 3.1. Let {M^,go) be a complete noncompact Kahler manifold with 
complex dimension n and with nonnegative complex sectional curvature. Sup¬ 
pose 


inf {K(l)| P e M} = Wo > 0. 

pdM 

where Vp{l) is the volume of the geodesic hall with radius 1 and center at p 
with respect to go. Then there is T > 0 depending only on n,vo such that the 
Kdhler-Ricci flow has a complete solution on M x [0,T] such that g(t) has 
nonnegative complex sectional curvature. Moreover the curvature satisfies: 

|Rm(^(t))|g(t) < j 

where c is a constant depending only on n, vq with initial data g{0) = go. 

Proof. The corollary follows immediately from the result of Cabezas-Rivas and 
Wilking[2], and Theorem 13.11 □ 

Corollary 3.2. Let {M^,go) be a complete noncompact Kahler manifold with 
complex dimension n and with nonnegative complex sectional curvature. Sup¬ 
pose M” has maximum volume growth. Then is hiholomorphic to LM. 

Proof. By volume comparison, we have 

inf {14(1)1 p e M} = vo> 0. 

pdM 

Let g{t) be the solution of Kahler-Ricci flow on M x [0,T] obtained as in 
Corollary 13.11 Then for all f > 0, g{t) has nonnegative complex sectional 
curvature and the curvature of g{t) is bounded. We want to prove that g{f) 
has maximum volume growth. 

Let p ^ M and let r > 0 be fixed. Let g{s) = r~‘^g{r‘^s), 0 < s < r“^T. 
Then g{s) is a solution to the Kahler-Ricci flow with initial data ^(0) = r~‘^go. 
Since the sectional curvature of g[s) is nonnegative, as in [2], using a result of 
El, one can prove that: 

Vpiais), 1) - Vp{r-^go, 1) = Vp{g{s), 1) - Vp{g{0), 1) > -c„s 

where Vp{h, 1) denotes the volume of the geodesic ball with radius 1 and center 
at p with respect to h and is a positive constant depending only on n. Now 

Vpir 9o, 1) = — ^ — > Vo > 0 

because go has maximum volume growth. Hence there is ro > 0 such that if 
r > ro, then 

r~'^'"Vp{g{r'^s),r) = Vp{g{s),l) > Ci 

for some constant independent of s and r for all 0 < s < r ^T. Fix > 0, 
and let s be such that r^s = to. Then s < r~‘^T. So we have 

r-^^Vp{gito),r)>C, 
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if r is large enough. That is, g{to) has maximum volume growth. By [5], we 
conclude that M is biholomorphic to C”. 

□ 

4. Preservation of non-negativity of holomorphic bisectional 

CURVATURE 

Let be a complete noncompact Kahler manifold with complex di¬ 

mension n. We want to study the preservation of non-negativity of holo¬ 
morphic bisectional curvature under Kahler-Ricci flow, without assuming the 
curvature is bounded in space and time. 

Let us first define a quadratic form for any (0,4)-tensor T on TqM with a 
metric g by 


Q(T)(X,X,F,F) := - \Tx-,yu? + T^x.pT^,yy) 

n 

~ ^^{TxfiT^XYY + TvflTxXnY) 

fj.=l 

for all e Tc’°M, where = T(e„, e^, e^), and 

{ei,...,e„} is a unitary frame with respect to the metric of g, Tx^i^y = 
T(X, e^, Cl,, Y) etc. Here T is a tensor has the following properties: 

T(X,r,Z,W) = T(W, F, F, W); 

T{X, F Z, W) = T{Z, W, X, Y) = T(X, W, Z, Y) = T(Y, X, W, Z). 

Let g(t) be a solution of the Kahler-Ricci flow: 

-a - = -H - 

Recall the evolution equation for holomorphic bisectional curvature: (See [H 
Corollary 2.82]) 


- A)R(X, X, F 1") = Q{R){X, X, F ?) 

for all X, y G Here A is with respect to g{t). 

Next dehne a (0,4)-tensor B on TcM (with a metric g) by: 

B{E, F, G, H) = g{E, F)g{G, H) + g{E, H)g{F, G) 

for all E, F,G,H e TcM. 

Lemma 4.1. In the above notation, Q{B)(X, X,Y,Y) < 0 for all X, K G 
T^^M. 
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Proof. 


Q{B){X,X,Y,Y) = HBxhuyI" - + Bxxu-,B,,yy) 

n 

— ^ B^^{BxfiB^xYY + ByfiBxxijy) 

^l=l 

Let {ei,..., On] be a unitary frame. X = Y .%1 Y .%1 ^ 

We compute it term by term: 

n n 

^ i9xp.9uY + 9xy9p,u) ' {9x^i9uY + 9xy9iiv) 


fL,U=l 




— ^ {X^Y'^ + gxY9fiu) ■ {X^Y'^ + gxY9r-r') 

fL^U=l 

= \X\^\Y\^ + {n + 2)\g{X,Y)\^. 

n n 

|-Bx/iyp|^ = {gxp.guY + gxugpy) ■ {gx^9uY + 9xu9^y) 

n 

= yy (x^w + x^r^^) • (x'^w + x'^w) 

=2|xnr|2 + 2|c/(x,y)|2. 


yy BxXvp,B^vYY —{9xx9vji + gxvgxv) • {9fii^9YY + 9^lY9uY) 

fL,U=l 

= (|X|Va + 

= (n + 2)|Xny|2 + |^(X,X)p. 


yy Bxp,B^xYY— yy 9'^^Bxp,kiB^xYY 
(1=1 (1=1 
n 

= yy bxjxuvB^xyy 
(1^11=1 


yy {gxp.gup + gxpgfiu) ■ {gxti9YY + 9xy9iiy) 


(1,11=1 

n 


— yy i^^giyp + x'^gp.u) • {^^gYY + ^^9xy) 
( 1 , 11=1 

= (n + l)|Xny|2 + (n + l)|^?(X,F)|2. 
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Similarly, we have 


J2BypB^x,y = (n + l)|Xnr|2 + {n + l)\g{X,Y)\^ 
M=i 

Therefore, 


Q{B){X, X,y,y) = -(n + i)(|xny|2 + |^(x,y)|2) < o. 


□ 


We are ready to prove Theorem 11.21 

Theorem 4.1. There is 0 < a{n) < 1 depending only on n such that if g{t) is 
a complete solution of Kdhler-Ricci flow on M x [0,T] with |Rm( 5 f(t))|g(t) < 
where M is an n-dimensional non-compact complex manifold. If g{0) has 
nonnegative holomorphic bisectional curvature, then so does g{t) for all t G 

|0,T|, 

Proof. The theorem is known to be true if the curvature is uniformly bounded 
on space and time |2T]. Since g{t) has bounded curvature on M x [r, T] for all 
r > 0, it is sufficient to prove that g{t) has nonnegative bisectional curvature 
on M X [0, r] for some r > 0. Hence we may assume that T < 1. 

In the following, lower case Ci, C 2 , • • • will denote constants depending only 
on n. 

Since g(T) has bound curvature ^ and is complete, as in Lemma 12.21 a 
smooth function p defined on M such that 

(1 + dT{x,p)) < p{x) < Di{l + dT{x,p)) 

(4.1) |Vp| + |VVl < D,, 

for some constant Di depending only on n and gx, where dT{x,p) is the dis¬ 
tance function with respect to gx from a fixed point p G M, where V is the 
covariant derivative with respect to gx 

Suppose |Rm( 5 f(f))|g(p < a/t, where a is to be determined later depending 
only on n. By Lemma [2.21 we have 

(4.2) |Vp| < 112^“ 

for some constant D 2 depending only on n, gx- Here and below, V is the 
covariant derivative of g{t) and hence is time dependent. We may get a better 
estimate for Ap = than that in Lemma [2^ Choose a normal coordinate 

with respect to g(T) which also diagonalizes g(t) with eigenvalues Aq. Then 


(4,3) |AH = |g“Vj| = y A;‘|VV| < 

a=l 


by Lemma [2.11 
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Let 0 be a smooth cut-off function from M to [0,1] such that 


0(a:) = < 

and |0'| -|- |0"| < D', 0' < 0. Let $ 
determined later. Then 


1, X <1 
0, x>2 

- where m > 4 is an integer to be 


0 > $' > |$"| < D{m)^^ 

for some positive constant D{m) depending only on D' and m, where q = 1 ——. 
Let \l/(x) = on M for r > 1. Note that T depends on r. 

Then we have 

|VT| <-L)(m)T«|Vp| 

(4.4) ^ 

r 

by dO), and 

(4.5) |AT| < 4|4>"||Vpp + -|<h'Ap| < 

by fl4.3p . where £>4 is a constant depending only on n,gT,m. 

For any e > 0, we dehne a tensor A on M x (0, T]: For vectors X, Y, Z,W G 

Tc(M), 

A(X, Y, Z, W) = t-H{x)R{X, Y, Z, W) + eB{X, Y, Z, W) 

where R is the curvature tensor of g(t) and B is evaluated with respect to g{t). 
Dehne the following function on M x (0,T]: 

H{x,t) = mi{A^^yy{x,t)\\X\t = \Y\, = ^,X,Ye 

Here | • is the norm with respect to g{t). 

To show the theorem, it suffices to show for all r >> 1, H{x,t) > 0 for all 
X and for all t > 0. Note that t^H{x,t) is a continuous function. Since 4/ has 
compact support, and B{X, X,Y,Y) > 1 for all \X\t = \Y\t = 1, there is a 
compact set K E M such that 

H{x, t) > 0 

on (M \ K) X (0,T]. On the other hand, we claim that there is Tq > 0 such 
that 

t^H{x, t) > 0 

on K X (0, To). Let {ci, 62 ,..., e„} be a unitary frame near a compact neigh¬ 
borhood 17 of a point xq E K with respect to go- Then at each point x E U, 


Ra/s-ysi^y t) — Ra/Sysi^y 0 ) + 
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where \E\is uniformly bounded on t/x [0, T], Since g{t) is uniformly equivalent 
to ^(0) on U, for any X,Y e for {x,t) eUx [0,T], 

R{X,X,Y,Y)>-D,t\X\l\Y\l 

for some constant > 0 where we have used the fact that go has nonnegative 
holomorphic bisectional curvature. Since g{t) and go are uniformly equivalent 
in K, and K is compact, we conclude that 


R{X,X,Y,Y) > -Dot 


on it' X [0, T] for some constant Do for all X, F G with \X\t = \Y\t = 1. 

Since t^B{X, X, Y, Y) > D, it is easy to see the claim is true. To summarize, 
we have proved that there is a compact set K and there is Tq > 0, such that 
H{x, t) > 0 on M \ K X (0, T] and K x (0, Tq). 

Suppose H{x,t) < 0 for some f > 0. Then t^H{xR) < 0 for some t > 0. 
We must have x E K and t > Tq. Hence we can find xo G K, to > To and a 
neighborhood V of xq such that H{xo,to) = 0, H{x,t) > 0 for x G F, f < to- 
This implies that there exist Xq, Fq ^ M with norm |Xo|g(to) = |Fo|g(i(,) = 
1 such that 

^XoXoYoYoixoRo) = 0 . 

Then we extend Xq, Fq near xq by parallel translation with respect to g(to) to 
vector fields Xq, Fq such that they are independent of time and 

^9(io)^0 = = 0 , 


at Xq. 

Denote h{x,t) := A~^~^~^~^{x,t). At (xoRq), we have h{xo,to) = 0 and 
h{x, t) > 0 for X E V, t < to by the dehnition of A. 

Hence at (xq, to)) 


(4.6) 

O^-A). 

d 




dt 


- A U (Xo, Xo, Fo, Fo)) - to "^(^0, ^o, n) AT 


1 -S 


- 2to " (Vii(Xo, Xo, Fo, Fo), VT) - -t^ "Ti?(Xo, Xo, Fo, Fo) - e{XB){Xo, Xo, Fo, Fq) 
+ £(-Ric(Xo, Xo) - Ric(Fo, Fo) - Ric(Xo, Yo)g{Xo, Fq) - Ric(Xo, Yo)g{Xo, %)) 

>to "TQ(R)(Xo, Xo, Fo, Fo)) - D4r-ito”"“'^^“T''|R(Xo, Xo, Fo, Fo))| 

- ^to"TR(Xo,Xo,Fo,Fo) -caeato^ -2to"(VR(Xo,Xo,Fo,Fo),VT), 
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where we have used (I4.5jl and the fact that Ai? = 0. On the other hand, at 

ixo,to) 


0 =Vh 

=t~h [r{Xo,Xo,Yo,Yo)^ 

^VR{Xo, Xo, Yo, Fo) + R{Xo, Xq, Fq, n) 


_i r 
—f ^ 


where we have used the fact that Vg = 0 and VXq = VFq = 0 at (a;o,to)- 
Hence fl4.6p implies 

(4.7) ^ 

0 Vo.n.U)) - Djr-h-i-‘'‘\R(X„,X„,Y„,YM (»’ + 

~ 2^0 ^ ^R{Xo, Xq, Fq, Fq) — cseatQ ^ 

where we have used fl4.4p . where Dj > 0 is a constant depending only on 
gx, n, m. On the other hand, by the null-vector condition m Proposition 1.1] 
(see also PP), we have 

Q(H)(Ao,Ao,Fo,Fo) >0 

By a direct computation, one can see that 

Q{A) = t^^^^Q{R) + e^Q{B) + * 5 , 

and we have 

0 <fo'^'Q(^)(Xo,Xo,Fo,Fo) +£2 q(5)(Ao,Xo,Fo,Fo) + C5£^af“^ 

<fo ^0) ^0) ^o) + CsethafQ ^ 

where we have used Lemma 14.11 and C 5 is a constant depending only on n. 
That is 

(4-8) TQ(/?)(Ao,Xo,Fo,Fo) > -c^eat~'^ 

where we have used the fact that h{xo,to) = 0 which implies T(a;o,to) > 0. 
Combining this with fl4.7l) . we have 

0 > - (C3 + C5)£ato-' - 

(4.9) 13 _ _ 

--f“^vl/i?(Xo,Xo,Fo,Fo), 

Since h{xo,to) = 0, we also have 

'^{xo,to)R{Xo,Xo,Yo,Yo) = -tleB{Xo,Xo,Yo,Yo). 
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Hence at (a:o,to), (14. 9 p implies, if 0 < a < 1, then 

0 > - (C 3 + c,)ea - 2Djr-Hr"^"\R{Xo, Xq, Yq, Hq) Xo, Fq, Fq) 

> - (C3 + C5)£a - 2Z}7r-'4"''X^o, Xq, Fq, Fq) \etlB{Xo, Xq, Fq, Fq) p''"' 
+ i£i?(Xo,Xo,Fo,Fo) 

> - (C3 + C5)£a - 

because 0<\I/<1, 0 = 1 — — <1, m>4 where Da > 0 are constants 
depending only on qt, n, m. Here 

a = ^ - C 4 a - 2(1 - g) + ^(2g - 1) = 3g - 040 - 2. 

Hence if 040 < \ and a < 1, then a depends only on n and 3g — 040 — 2 > 0, 
provided m is large enough. If a, m are chosen satisfying these conditions, 
then we have 

0 > -(c 3 + C 5 )ea - + -e. 

If a also satisfies 0(03 + C 5 ) < then we have a contradiction if r is large 
enough. Hence if 

0 < a < min{l, \ ^(03 + 05 )“^}, 

then g{t) will have nonnegative holomorphic bisectional curvature. This com¬ 
pletes the proof of the theorem. 

□ 

As an application, we have the following: 

Corollary 4.1. Let (M",go) is a complete noncompact Kdhler manifold with 
complex dimension n>2 with nonnegative holomorphic bisectional curvature 
with maximum volume growth. Suppose there is vq > 0 and there is C > 0 
such that 



for some p > n for all x G M. Then M is biholomorphic to C”. 

Proof. By [23], the Ricci flow with initial data go has short time solution g{t) 
so that the curvature has the following bound: 

|Rm(g(f))| < Ct~p 

for some constant C. Since ^ < 1, by Theorems I3.1b nd 14.11 a(t) is Kahler 
and has bounded nonnegative bisectional curvature for f > 0. Since ^ < 1 
it is easy to see that g(t) is uniformly equivalent to go. Hence g(t) also has 
maximum volume growth. By [5], M is biholomorphic to C”. 

□ 
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5. PRODUCING KAHLER-RICCI FLOW THROUGH /i-FLOW 


We want to produce solutions to Kahler-Ricci flow using the solutions of the 
so-called h-flow by M. Simon [18]. Let us recall the set up and some results 
in [18]. Let M” be a smooth manifold, and let g and h be two Riemannian 
metrics on M. For a constant 6 > 1, h is said to be 6 close to g if 

6-^h <g<5h. 


Let g{t) be a smooth family of metrics on M x [0, T], T > 0. g{t) is said to be 
a solution to the h-flow, if g{t) satisfies following DeTurck flow, see [201 [H]: 

d 

(5.1) ~ —2RiCjj -|- VjV^- -|- jVi, 

where 

K = - Ti,), 

and are the Christoffel symbols of g{t) and h respectively, and V 

is the covariant derivative with respect to g{t). One can rewrite fl5.1l) in the 
following way which shows that it is a strictly parabolic system: 

^9ij =9°"^^09ij - - g^'^gjph'P‘iRm.io,qii 

~i~ '^9 ^9^*^i9pa ■ j9qP "h a9jp ' ^q9i0 ‘^^a9jp ' ^p9iq 

j9ap ■ ^p9iq i9oip ' ^p9jq) ^ 

where V is covariant derivative with respect to h. 

In order to emphasis the background metric h, we call it h-flow as in [T8] . 
We are only interested in the case that M is noncompact and g is complete. 
In [TS], Simon obtained the following: 


Theorem 5.1. [Simon] There is a e = e{n) > 0 depending only on n such that 
if{M"', go) is a smooth n-dimensional complete noncompact manifold such that 
there is a smooth Riemannian metric h with |V^Rm(h)| < fcj for all i and is 
(H-e(n)) close to go, then the h-flow fl5.ip has a smooth solution on M x [0, T] 
for some T > 0 with T depending only on n, ko such that g{t) go as f —)■ 0 
uniformly on compact sets and such that 

sup |Vg(i)P < % 

x&M r 

for all i, where Ci depends only on n, ko,..., ki. Moreover, h is {1 + 2e) close 
to g{t) for all t. Here and in the following V and \ ■ \ are with respect to h. 


From this and using Theorem 13.11 one can construct solution g{t) to the 
Kahler-Ricci flow if go is Kahler . Moreover, the curvature of g{t) is bounded 
by C/t. However, we motivated by the uniformization conjecture of Yau [25] . 
we also want to prove that if go has nonnegative holomorphic bisectional cur¬ 
vature, then one can construct solution to the Kahler-Ricci flow so that g{t) 
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also has nonnegative holomorphic bisectional curvature. To achieve this goal, 
we want to apply Theorem 14.11 Therefore, we want to show that C in the 
curvature bound C/t above is small provided e is small. We need more rehned 
estimates of IV^^I and We proceed as in [201 [T 8 ] 

Recall the evolution equations p = 1,2. Let Rm be the curvature 

tensor of h and let 

Then (see [H]): 

n| Vs-P = - 2g’^^VkVgij ■ ViVgij 

+ Rm * g~^ * 'Vg * Vg + Rm * g~^ * g~^ * g * Wg * Wg 
( 5 - 2 ) _ .— _ _ 

+ g * g * VRm * g -\- g * g * Vg * Vg * V g 

+ 9~^ * 9~^ * 9~^ * * V(? * Vg * V(?, 

and 


U{\V^g\^)=- 2 g^^V,{V^g)V,{V^g) 

+ ^ c/ * V^mn * V'^g 

(5.3) i-\-j-\-k= 2 ^ 0 <i^j^k <2 

+ ^ V^g-^ * g-^ * V^g * V^g * V^g. 

i-\-j-\-k-\-l=4,0<i,j,k,l<3 

Here for tensors Si * S 2 denotes some trace with respect to h of tensors Si, 82 . 
The total numbers of terms on the R.H.S. of each equation depend only on n. 

Lemma 5.1. Let {M^,h) be a complete noncompact Riemannian manifold 
such that |Rm(/i)| < ko, and |VRm(/i)| < ki with ko + ki < 1. For any 
a > 0 there is a constant b{n, a) > 0 depending only on n and a such that 
g 2 b ^ 1 _l_ where e{n) is the constant in Theorem \5.1[ and if g{t) is the 
solution of the h-flow on M x [0,T], T <1 obtained in Theorem I5.il with 
fi'(O) = go satisfies e~’^h < go < e^h, then there is a Ti{n,a) > 0 depending 
only on n, a such that 

\^9{t)\^<j 

for all t G (0, Ti]. 

Proof. By a C°-estimate of h-flow (See [201 Theorem 2.5] or [HI Theorem 2.3]), 
the constant e{n) > 0 in Theorem 15.11 can be chosen such that if h is close 
to go with < 1 -|- e{n), then the solution g{t) in Theorem 15.11 is defined on 
M X [ 0 ,T 2 ] for some T > T 2 = T 2 {n) > 0 (note that we assume ko + ki < 1. 
Moreover 

(5.4) 


e < g{t) < e^^h 
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for all t G [0, T 2 ]. 

Let /o = |( 7 |, fi = \'Vg\ and /2 = |V^( 7 |. First choose 6 > 0 such that: 

(cl) < 2 and < 1 + e(n). 

Then we have fo < Ci. Here and in the following, lower case c* will denote 
positive constants depending only on n. 

Using fl5.4p . we estimate terms of R.H.S. of fl5.2p in the following: 


g'^^Va^Qij ■ VgVgij > ^fl 


Rm * g~^ * ^g * g < 02^0/1 

Rm * g~^ * g~"^ * g * Vg * Vg < 02 ^ 0/1 

g~^ * g * VRm * V(? < C2/C1/1 

5,-1 * 5,-1 *\/ g * Vg * < C2/1 • /2 

g-^ * g-^ g-^ *Vg*\/g*Vg*\/g < C 2 / 1 . 


Then fl5.2p implies 


<-f^ + C2 {2hf, + hh + flh + /l ) 

< “ + C 3 (/l + 1 ), 


(5.5) 


where we have used the assumption that ko + ki < 1. Next we dehne a smooth 
function (p on M x [0,T] as follows: 


ip = a{n) + 


We will choose a > 0 and m later with a depending only on n and m depending 
only on n, a. One can choose a coordinate system {x*} such that at one point: 


n 


hij = Sij and gij = \i5ij. Then p = a + 'Yj^T- By direct computation, we 


have 


(5.6) 


□(/? =mA™ ^ * (Rm * ^ * g + g ^*g ^*Vg*Vg) 

- m(Ar' + A”^-3A,- + • ■ ■ + \f-^)g^^V^g,,Vgg,, 



Here we use the fact that e < g{t) < and ko <1. 
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Now we define rjj = ip ■ /f. By (15. 5 p and (15.dh . we have 
(5.7) 

D^l^ =p ■ □(/') + Dy. • fl - 

<v [-\p + (ft + 1 )) + /f (/f + 1) - 

2 , 4 

^ 2 a 

(C3 (/.“ + 1 )) + /f (/;■> + 1 ) - 

^4 

■i Jl ; 

a 

where we have used the fact fl5.4l) and < 2 which also imply 

n 

-2g'>Vi^V,!l < cm(Y^\T-')!lh 

i=l 


2b{m—2) 


for some constant c depending only on n. Now let b, m be such that 
(c2) b = -^ and m > 2 with < 2. 

Note that if m > 2, we have m — 1 > and Hence the above 

inequality becomes: 


□■0 <C7(a + 1) (/f + 1) + cym/i (1 + /i) - cgmVi + • 

Qj 

Let a = ^, then a = a(n) which depends only on n. We have 

(5.8) D^jJ <cq (m/4 + mf^ + 1) - ^CgmVi^- 

Since h has bounded curvature, there is a smooth function p{x) such that 
d{p, x) + 1 < p{x) < Di {d{p, x) + 1), I Vp| + I VVl < Di 


where d{p,x) is the distance function from p with respect to h and Di is a 
constant depending on h, see [211122]. Let /(s) be a smooth function on M 
such that 0<f7<l, '^ = lfors<l, 77 = 0 for s > 2, < Zl2h and 

\p"\ < -D2. For any r > 1, let 

F{x,t) = tpr{x)lp{x) = tpr{x)p{x)fl{x), 
where pr{x) = By (15.Sh . we have 


□F < tpr 


Cg {mf^ + m/4 + 1) - 


+ — tllj^Pr — 2tg'^^V iPr^ jljj. 


Suppose let F(xo, to) = max(3;,t)6Afx[o,T] -F(x, t). Suppose tg = 0, then F(a:o, to) = 
0. Suppose to > 0, then at (xo,to), 'ip'VjPr +Pr'^j'ip = 0, and multiplying the 
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about inequality by we have 
0 


cg {rnf^ + mfl + l) - -Cgm'^ff 


+ + D^r Hlr]rilj 


<cio{mF‘^ + mF + 1) — ciim?F^ + (1 + ^)F 

where we have used the fact that < T < 1, rj^ < I, and c“^ < (^ < c for 
some constant c depending only on n. Let m be such that 
(c3) m> 

Then at (xo,to) 


0 < + (ciom + 1 + D^r F + cio 

and 

, N ^ 2 (ciom + 1 + D^r-"^) + {2cioCiim‘^)^ 

F{xo,to) < - 5 -. 

Ciim^ 

Let r ^ oo, we conclude that: 

, p2 ^ Ci2 

sup < —, 

Mx[0,T] TXl 

and so 

(5.9) sup < — < a 

Mx[0,T] 

provided 
(c4) m > 

Hence if we choose m large enough so that m satisfies (c3), (c4) such that 
gi/m ^ 2. Note that m depends only on n and a. Then choose b = ^ and 
satishes (cl), b also satishes (c2). Then b depends only on n,a. For this 
choice of m, b we conclude the lemma is true by fl5.9p . 

□ 


Lemma 5.2. Let (M”, h) be a complete noncompact Riemannian manifold 
such that |Rm(h)| < k^, |VRm(h)| < ki, |V^Rm(h)| < ^2 with kQ + ki + k 2 < 1. 
For any a > 0 there is a constant b{n, a) > 0 depending only on n and a such 
that < 1 + e(n) where e{n) is the constant in Theorem I5.il and if g{t) 
is the solution of the h-flow on M x [0,T], T < 1 obtained in Theorem 15.il 
with g{0) = go satisfies e~^h < go < e^h, then there is a T > T 2 {n,a) > 0 
depending only on n, a such that 

for all t G (0, T 2 ]. 

Proof. As in the proof of the previous lemma, let fi = | Let 5 > 0 be such 
that < 1 + e where e = e(n) is the constant in Theorem 15. II Suppose h is 
close to go and let g(t) be the solution of the h-flow with 5 f( 0 ) = go obtained 
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in Theorem 15.11 Let /9 > 0 to be chosen later depending only on n,a. By 
Lemma [5.11 we assume that: 

(cl) < 2 is such that there is T > Ti(n, /3) > 0 and f'^<jonMx [0, Ti]. 
Note that b depends only on n and (3. We may also assume that 

<g< e^^g. 

as in the proof of the previous lemma. As before, in the following, lower case 
Cj will denote a positive constant depending only on n. 

By fl5.3p . we have 

n/2 < “ /a + ci(/2 + /1/2 + /i/2 + /2 + /1/2/3 + /I + /1/2 + fih ) 

^ + ^2 (/2 + /1/2 + /1/2 + /I + /I + flfi + flh ) 

+ C3 (/I + /I + + /? + ft + /.“ + 1) 

- “+ 1^" + (f) + ^ 


provided that 
(c2) t < (3. 

Here we have used that fact that fo < c, fi < j and feg + fci + /c 2 < 1- In 
the following, we always assume that (c2) is true. 

Let = {at~^ + /f) /|, where a > 0 is a constant depending only on 

n and (3 and will be chosen later. 

Combine fl5.5p and fl5.10p . we have 

UfP ={at-^ + + flUfl - 2g^=V,{fl) ■ V,(/|) - ar^ f, 

<{at ^ + fi) ^ 2 ^^ ^ ^ 

< (^ce/i - fl + C4(af^ + /i) + y/| + + 1 j 

+ /I + C5 (/f + 1)^ 

- “ (f) 


where we have chosen a so that 

(c3) a = 2c 6/S which depends only on n and (3. 
Here we have used the fact that t < (3. 





Kahler Ricci flow with unbounded curvature 


29 


For r > 1, let p, r;, ? 7 r as in the proof of the previous lemma, and let 
F = tPrjriJ = tPrir{at~^ + /f)/|, p > 2. Let 

F(x(),t()) = max F(x,t). 

{x,t)eMx[0,Ti] 

If to = 0, then F{xo,to) = 0. If to > 0, then at {xo,to), we have by fIS.lip . as 
in the proof of the previous lemma: 

0 <tohr ^ + tl'lpDr]r - 2tlVi7]r\/ji> 

<toVr (^-\f2 + C6 (^0 j + ptl~^r]r.'ijj + Dir-^tl^j 

where Di depends on h. Multiply both sides by tlpriat^^ + /i)^ using the fact 
that to < l,rir F 1 and that to < /9, we have 

<C6foV(ato ^ + fif (^0 + Pio^~\r(aio^ + + Fir-X\(aio^ + 

<C7tl^ (^) ^ (0 ^ • 

Let p = 3, we have 

^^<09 {^^ + ^^F{1 + D,r-^)) 

O 

Hence 

F(a;o, to) < cio (/3^ + ^^(1 + Dir~^)) . 

Let r ^ oo, we conclude that 

sup t^{at~^ + /i )/2 < cio (/3^ + /3^) . 

{x,t)eMx[0,T2] 

where T 2 = min{Ti,/3}. By the dehnition of a, we conclude that 

< Cn/3 

provided (3 < 1. Now choose (3 < I such that cii(3 < o?. f3 depends only on 
n,a. Choose choose b satisfying (cl) and a satisfying (c3). If t < (3,Ti, then 
we have 

in M X [0, T 2 ], where T 2 = min{Ti, ( 3 }. This completes the proof of the lemma. 

□ 

Lemma 5.3. For any a > 0, there exists e{n, a) > 0 depending only on n 
and a such that if (M"',po) is a complete noncompact Riemannian manifold 
with real dimension n and if go is (1 + e) close to a Riemannian metric h 
with curvature bounded by ko, then there is a smooth complete Ricci flow g(t) 
defined on M x [0,T] with initial value p(0) = go, where T > 0 depends only 
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on n,ko. Moreover, there is Ti{n,ko,a) > 0 depending only on n,a such that 
the curvature of g(t) satisfies: 

\RrnmU, < J 

on M X [0, Ti], 


Proof. First we remark that by [20], there is a solution to the Ricci flow with 
initial data h with bounded curvature in space and time. Moreover, for t > 0 
all order of derivatives of the curvature tensor for a fixed t > 0 are uniformly 
bounded, the solution exists in a time interval depending only on n, /cq, and 
the bounds of the derivatives of the curvature tensor for a fixed t > 0 depend 
only on n, /cq, and t. Hence without lost of generality, we may assume that 
|V*'*^Rm|/i < ki < oo for all i > 0. Here and in the following V is the covariant 
derivative with respect to h and Rm is the curvature tensor of h and | • |/i is 
the norm relative to h. 

Note that if h is 1 + e close to go, then Xh is also 1 + e close to Xgo for 
any A > 0. Moreover, if g{t) is a solution to the Ricci flow with initial data 
go, then Xg{X~^t) is a solution to the Ricci flow with initial data Xgo, and if 
s = Xt, then 

= A|Rm(A^(A"^s))|Ag(A-is)- 
Hence we may assume that /cq + + ^2 < 1- 

Let us first assume that e{n, a) < e{n) where e{n) is the constant in Theorem 

O 

For any R > 0, let 0 < r]R he a. smooth function on M such that 


r 1, xeBgfixo,R) 

\ 0, X e M\Bgfixo,2R) 


Let gRfl = rjugo + (1 — giijh. Let /9 > 0 to be chosen later depending only on 
n, a. Suppose h is = (1 + e) close to go, where 6 > 0, then one can see that 
h is also close to gji^o for all R> 0. By Lemmas 15.1115.21 there is a constant 
5 > 0 depending only on n, (3 such that for all i? > 0 the solution guit) to the 
h-flow as in Theorem 15.11 exists on M x [0, Tf\ for some T 2 > 0 depending only 
on n, [3 such that 

(5.12) |V%(()||<L 

for alH > 0, where Q depends only on n,i, ko, ■■■, k^. Moreover, 

(5.13) \Mt)\h<2,\VfiR{t)\l\<^ for z = 1,2. 

Now we want to claim that there is a constant Ci = Ci(n) depending only 
on n such that 

(5.14) |Rm(^/j(t))|g^(t) < Cl (^\Rm\h + |V^/?(f)lh + |V^^i?(f)U) • 
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To see (I5.14p . we choose a normal coordinate at any fix point x G M with 
respect to h and it also diagonalizes gR{t). In this coordinate, we have 

d 


R 


ijk 


-- — P- 

dx^ 


■p^ I 

• -L “r i /-jfi }ii 


T^h pZ 
^ ki^ hj 


■—(T‘ 

d 


kj) 




dx^ 


ki 


ki) 


_-pZ 

r 

=Rkij +^*(^1 


_ 

_^_pZ _|_ p/i pZ 
dx3 


p/i pZ 
^ ki^ hj 


V(r; 


+ rt.Tl 


p/i pZ 
^ ki^ hj‘ 


Here we use • to denote the Christoffel symbol and curvature tensor of the 
metric Note that 

1 


kj 


we have 


and 


v.(ri, 


^kj r,9 k9js ^j9ks s9kj)i 


rij) = 9 ^*9 ^ ^ 


r*r = 5f ^ * g Vg * V g. 


Therefore, we obtain fl5.14p . 
Then, we have 


(5.15) 




3ci/S 


provided on M x [0, T 2 ] provided T 2 is small depending only on n, /3, /cq- Here 
we have used the fact that h is 1 + 2e{n) close to gnit). 

Using the similar argument as in the proof of [HI Lemma 4.1] or Lemma 
13.11 one can show that 

\^gR{t)\ < C{n,h,go,R) 

for some constant C{n, h, gQ, R) depending only on n,h,go,R. Hence we can 
pull back gnh) by a smooth family of diffeomorphisms from M to itself (fnit), 
t e [0,T]. That is, let gait) = ipR(t)*gR(t) on M x [0,T2] where 
t G [0,T2] is given by solving the following ODE at each point x G M: 

= -W{^R{x,t),t) 

(Pr{x, 0 ) = X 


(5.16) 


where lU is a time-dependent smooth vector field given by 

W‘(t) = - 'T-j). 

Then gR{t) is a solution to the Ricci flow with gR{0) = gR^. By (I5.15p 

\Rm{gR{t))\g^(t) < 
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on M X (0,T2]. Since has uniformly bounded curvature, which may de¬ 
pends on R, by PE] for any compact set U, there is a constant Ci indepen¬ 
dent of R such that 


\Rm{gR{t))\g^(^t) < Cl 

OB. U X [0,T2]. By [20] (see also [101 Theorem 11]), we see that for each m, 
there is a constant C{m) independent of R such that 

< C(m) 

on 17 X [0,T2]. From this, we obtain that 

on 17 X [0,T2] for some constant C{m) independent of R. Hence by diagonal 
process, passing to a subsequence, gnit) converges in C°° topology on compact 
sets of M X [0, T 2 ] to a solution g(t) of the Ricci flow with 5f(0) = go. Moreover, 
by mB, 

|Rm(^(t))|3(t) < 

Next, we claim g(t) is complete for all t G [0,T2]. Let {yk} be a divergence 
sequence of points in M. For any hxed point xq and t e [0,T2], we have 

Vk) dg^[Rj{ipR{X0yt') , Xo') dg^g'^iljky ^ RiykyC)') y 
for some positive constants C 3 ,C 4 independent of R^yuy where we have used 
fl5.12p which implies W (x, t) in fl5.16p is uniformly bounded by a (7f“ 2 for some 
constant C for all x, t and R, and we have also used the fact that (l-|-2e)“^h < 
lli? < (1 + 2e)h for all R and t E [0, Tj. This implies 

dgR{t)i.^0y Vn) ^ C^djii^Xoy yn) C^ '\/T 2 , 

Let R ^ - 1 - 00 , we see that 

dg(t){xoyyk) > Csdhixoyyn) - C^^/f^. 

Since h is complete, we obtain dg{t){xoyyk) -E 00 as k ^ 00 . This implies g{t) 
is complete. 

Now choose (3 such that 3ci/3 = a, we conclude that the lemma is true. □ 

Now we want to prove the main result of this section; 

Theorem 5.2. There exists e{2n) > 0 depending only on n such that if 
(M"', go) is a complete noncompact Kdhler manifold with complex dimension n 
and if there is a smooth Riemannian metric h with curvature bounded by ko on 
M such that go is (l-|-e(n)) close h, then there is a complete Kdhler-Ricci flow 
gif) defined on M x [0,T] with initial value 5f(0) = go, where T > 0 depends 
only on n,ko. Moreover, the curvature of g{t) satisfies: 









Kahler Ricci flow with unbounded curvature 


33 


where a = a{n) is the constant in Theorem \4.1\ If in addition, go has nonnega¬ 
tive holomorphic bisectional curvature, then g{t) has nonnegative holomorphic 
bisectional curvature for all t G [0,T]. 

Proof. The results follow from Lemma 15.31 and Theorems 13.1114.11 □ 

Corollary 5.1. Let eifln) be as in Theorem \5.^ Suppose {M'^,go) is a com¬ 
plete noncompact Kahler manifold with complex dimension n with nonnega¬ 
tive holomorphic bisectional curvature with maximum volume growth. Suppose 
there is a Riemannian metric h on M with bounded curvature which is l+e(2n) 
close to g^. Then M is biholomorphic to C”. 

Proof. Let g{t) be the solution of Kahler-Ricci flow obtained in Theorem 15.21 
Then for f > 0, g{t) is Kahler with bounded nonnegative holomorphic bi¬ 
sectional curvature. We claim that g{t) has maximum volume growth. Let 
Xq E M he fixed. By the proof of Lemma 15.31 using the same notations as in 
the proof we conclude that 

(5.17) 

for some Ci > 0 for all r because go has maximum volume growth and gji{t) 
is uniformly equivalent to h which in turn is uniformly equivalent to gQ. Here 
Vgj^(t){xQ,r) is the volume of the geodesic ball i?g^(t)(xo,r) with respect to 
gFi{t). As in the proof of Lemma [5.31 

^9R{t)i.Xo,r) = 14 ^(p((p-^(xo),r) < Vg^(t){xo,r + C 2 ) 

for some constant C 2 > 0 independent of R and xq. From this and fl5.17p . we 
conclude that g{t) has maximum volume growth. Hence M is biholomorphic 
to C” by the result of [5] . 

□ 
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